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Goals
•Multivariate self-similarity: model for multivarate data with scale-free dynamics

•Eigen-wavelet estimation for the vector of self-similarity exponents: H = (H1, . . . , HM)

•Count the number of Hm actually different

•Count the number of components of H with same Hm

Methods
•Pairwise tests Hm = Hm+1

•Half-normal test statistics under the null hypothesis

•Multivariate wavelet block-bootstrap for test statistics estimation

•Multiple hypothesis corrections and clustering

Conclusions and perspectives
•Bootstrap reproduces the null Hypothesis

•Decent clustering performance

•Non ranked pairwise tests Hm = Hm′ ?

•Large dimension ?

Multivariate self-similarity
Model [Didier et al., 2011]

Univariate self-similarity
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Multivariate self-similarity exponent: H = (H1, . . . , HM),

0 < H1 ≤ . . . ≤ HM < 1

Estimation [Lucas et al., 2021]

1. Multivariate wavelet transform:
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•Univariate wavelets Dm(2j, k) = 〈2−j/2ψj,k(t)|Ym(t)〉
•Multivariate wavelets D(2j, k) = (D1(2

j, k), . . . , DM(2j, k))

2. Wavelet spectra computed from nj2
wavelet coefficients:

S(w)(2j) ,
1

nj2

wnj2∑
k=1+(w−1)nj2

D(2j, k)D(2j, k)∗, w = 1, . . . , 2j−j2

3. Eigenvalues of S(w)(2j): {λ(w)
1 (2j), . . . , λ

(w)
M (2j)}

→ similar repulsion between eigenvalues at all scales j ∈ {j1, . . . , j2}
→ asymptotical power law: λ

(w)
m (2j) ∝ 2j(2Hm+1)

4. Averaged log-eigenvalues: λ̄m(2j) , 2j2−j
2j−j2∑
w=1

log2(λ
(w)
m (2j))

5. Linear regression: Ĥm =
1

2

j2∑
j=j1

ωjλ̄m(2j) +
1
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Clustering strategy
Test procedure from a single observation
1.M − 1 null hypotheses: Hm = Hm+1, m = 1, . . . ,M − 1

2. Sorted estimates: Ĥτ (·) = sort(Ĥ)

3. Test statistics: δ̃m = Ĥτ (m+1) − Ĥτ (m)

4. Under null hypothesis, δ̃m ' half-normal (σm)

5. Test decisions: rejects Hm = Hm+1 if δ̃m > γm(σm)

σm unknown ⇒ bootstrap estimation

Bootstrap resampling

j

k

Wavelet coefficients

j

k
D2

D1

DM

Di

j

j

k

k

Bootstrap resamples

j

k

j

k
D2

DM

Di

j

j

k

k

D1D*(r)

D*(r)

D*(r)

DMDMD*(r)

⇒ R resamples
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1 , . . . , D
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M )

⇓
R bootstrap estimates
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⇓
Null hypothesis reproduction:
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Sorted bootstrap estimates:

H̄
∗(r)
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Bootstrap test statistics

δ̃
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∗(r)
τ ∗(r,m)

⇒ Scale parameter estimate: σ̂∗2m = Var∗(δ̃∗m)/
(
1− 2

π

)
Multiple hypothesis corrections

1. Bootstrap test p-values: p∗m , 1− F
(
δ̃m
σ̂∗m

)
F: standardized half-normal cumulative distribution function

2. False discovery rate α

3. Sorted p-values p∗π(m)

4. Benjamini-Hochberg corrections: d
(m)
α = 1 : p∗π(m) <

α
M−1m

Clustering procedure

Rule: d
(m)
α = 1⇔ Hm and Hm+1 in different clusters

Performance evaluation
Monte Carlo simulations
NMC = 1000 realizations, M = 6 components, sample size N = 216

Scenario1 (1 cluster): H = (0.8, 0.8, 0.8, 0.8, 0.8, 0.8)

Scenario2 (2 clusters): H = (0.6, 0.6, 0.6, 0.8, 0.8, 0.8)

Scenario3 (3 clusters): H = (0.4, 0.4, 0.6, 0.6, 0.8, 0.8)

Scenario4 (3 clusters): H = (0.4, 0.6, 0.6, 0.6, 0.8, 0.8)

Reproduction of the statistic

Q-Q plot of δ̃m vs. half-normal distribution under Scenario1
H1 = H2 H2 = H3 H3 = H4 H4 = H5 H5 = H6

Q-Q plot of δ̃∗m vs. half-normal distribution under Scenario2
H1 = H2 H2 = H3 H3 6= H4 H4 = H5 H5 = H6

Clustering performance

Histograms of the estimated numbers of clusters.
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