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ABSTRACT

In various modern fields, the multiplicity of sensors in applications
may result in potentially numerous scale-free time series that jointly
characterize one same system. Multivariate self-similarity analysis
tackles the challenge of studying these systems by providing as many
self-similarity parameter estimates as available time series. The pos-
sibly large amount of self-similarity parameters raises the major is-
sue of identifying the number of actually distinct self-similarity pa-
rameters. The present work attains this goal by designing an adapted
graph to perform a spectral clustering-type procedure. The proposed
graph is weighted using pairwise equality test p-values estimated
by a multivariate time-scale block-bootstrap scheme combined with
wavelet random matrix eigenanalysis for self-similarity parameter
estimation. Numerical experiments on synthetic multivariate data
show a very satisfactory performance of the clustering strategy.

Index Terms— Multivariate self-similarity, scaling exponents,
multivariate wavelet transform, bootstrap, spectral clustering

1. INTRODUCTION

Context.  Scale-free time series do not possess a characteristic
scale. Rather, they are characterized by mechanisms relating a large
continuum of scales. These mechanisms are controlled by the scal-
ing exponents, and their estimation is the core objective of scale-free
analysis. Scale-free temporal dynamics are typical in a wide variety
of signals, including Internet traffic, finance, geography, physiologi-
cal signals, or turbulence, see e.g., [[1-6]]. Self-similarity is a specific
scale-free model in which a single scaling exponent, the Hurst ex-
ponent H, controls the temporal dynamics of the time series, and
has been extensively used for univariate data modeling. Recently,
an extension for multivariate data was proposed, i.e., for M time se-
ries collected simultaneously by several sensors. Multivariate self-
similarity models scale-free data by using as many Hurst exponents
as data components dynamics [7,|8]. However, the number of dis-
tinct Hurst exponents (sources) may be smaller than the number M
of time series. This raises the issues of estimating this number, and
also of identifying the exponents that are identical (clustering).

Related work.  Operator fractional Brownian motion (ofBm) is
a robust and widely used model of multivariate self-similarity. It
is a multivariate Gaussian self-similar process with stationary incre-
ments and is characterized by the self-similarity parameter vector
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H [7H15]. The wavelet characterization of ofBm leads to an asymp-
totically jointly Gaussian estimator for H [7,8}/14}/16]. Jointly Gaus-
sian statistics make it straightforward to test the equality of pairs
self-similarity parameters H,,, or to test whether all self-similarity
parameters are equal, i.e., Hy = ... = Hjs. In [15]/17], a wavelet-
domain block-bootstrap procedure was developed to approximate
the unknown covariance of H for these test formulations from a sin-
gle finite M -variate time series. Yet, this approach does not allow for
grouping equal self-similarity parameters because the M (M —1)/2
pairwise tests possibly yield contradictory decisions. An attempt to
address this issue was proposed in [[18l{19]]. It consisted in testing the
equality of the M — 1 pairs of consecutive self-similarity parameters
Hy < Hpg1,m=1,..., M—1. However, already for M > 3 the
ordering operation induces significantly more complex test statistic
distributions. This results in poor control of the confidence level and
in low test power.

Goals and contributions. To address these issues, the present
work proposes a procedure for clustering equal values in H starting
from a single finite-size multivariate time series. To that end, Sec-
tion 2] recalls the definition and properties of the ofBm model and
details eigen-wavelet-analysis-based self-similarity parameter esti-
mation. Building on this, an original graph clustering procedure
is constructed in Section 3] that leverages the multivariate wavelet-
domain bootstrap approximations of pairwise test statistics. The key
idea is to let the nodes of the graph represent the self-similarity pa-
rameters, and also to include the available statistical information in
the graph vertices. First, a statistical test for the detection of param-
eters H,, that differ from all others is proposed, which enables us to
detect the isolated nodes of the graph. Second, the remaining edges
of the graph are weighted according to the p-values of the pairwise
tests for equality of the respective self-similarity parameters. The
actual clustering can then be performed by standard spectral clus-
tering. The relevance and performance of this proposed approach
is assessed in Section ] with Monte Carlo experiments conducted
on synthetic ofBm with different numbers of clusters in H, sample
sizes and numbers of components M. The results demonstrate that
our bootstrap informed graph-based clustering strategy yields satis-
factory performance both in terms of counting the number of actually
distinct self-similarity parameters and also of counting the number
of components that are controlled by each of them.

2. MULTIVARIATE SELF-SIMILARITY

Model.  Operator fractional Brownian motion (ofBm) is a ver-
satile multivariate extension of fractional Brownian motion (fBm),



the unique self-similar centered Gaussian process with stationary
increments [[11,20]. The present work focuses on a special case
of ofBm, the multivariate fBm (mfBm). It is particularly well
adapted to real-world data modeling and is defined by M fBm
Xm(t),m = 1,..., M, with possibly distinct Hurst exponents
H = (Hi,...,Hy) and point correlation matrix 3, that are mixed
by a M x M real-valued p.d. matrix W [16],

Yw.a,s(t) 2 W {X1(t),..., Xp(t) heer = WX (). (1)

Moreover, it satisfies the (operator) self-similarity relation

Va>0: {YwusBOlher = {a"Yw ux(t/a)}ier, @)

where the matrix Hurst exponent is given by H = Wdiag(H)W ™",

and a™ = 3"p°  log®(a)H" /K.

Self-similarity parameter estimation. The parameter vector
H = (Hi,..., Hu) controls the temporal dynamics of Yw, i, s (t)

and is of central interest in applications. The estimation usually

relies on the multivariate discrete wavelet transform (DWT) of
Yw .z =(t), which is given by the vectors Dy (27, k) 2 (Dy, (27, k),
oy Dy, (29 k) fork € Z,5 € {j1,...,j2}, where the entries are

defined by the component-wise DWT coefficients Dy;, (27, k) £
S 2777290 (277t — k) Yo (£)dt, where 1) is a mother wavelet [21].

In particular, the eigenvalues A, (27) of the wavelet spectrum
g
@) 2 LS Dy (2, k)Dy (27, k)T, =card(Dy (27, ) (3)
"=

asymptotically (j — +o0) behave as power laws A, (27) ~
29 (2Hm+1) 17/18] This suggests estimation of H by regressions

Vm=1,...,M, (4

N | =

) 1 J2 ]
Hyo= 5 > vjlogy Am(2') =

J=Jj1

with linear regression weights v; as defined in, e.g., [22]. In practice,
to reduce eigen-repulsion induced bias in the estimation, a snapshot-
based estimator for the wavelet spectrum S(27) is used instead of
(@), see [16] for details. The estimator E = (1:11, R I:IM) is
asymptotically unbiased and jointly Gaussian in the limit of large
sample sizes and large scales [7,/8]].

3. SELF-SIMILARITY PARAMETER CLUSTERING

In this section, we propose a procedure for detecting groups of equal
self-similarity parameters from a single finite-size observation of
mfBm that makes use of the asymptotic normality of the estimator
(Iffl, A fIM). In a first step, we design a statistical test for detect-
ing single distinct values for H,, € H (which cannot be detected by
spectral clustering); in a second step, we propose a spectral cluster-
ing approach to group the remaining self-similarity parameters using
a probabilistically weighted similarity graph. In both steps, a boot-
strap estimator is used for the unknown parameters.

3.1. Pairwise dissimilarity measure, statistical model and test

It is natural to consider the statistic Sm,m/ = ﬁm/ — H,, as a mea-
sure for how close two self-similarity parameters H,, and H,,,
1 < m,m’ < M, are. Indeed, this statistic asymptotically has a
Gaussian distribution [[7}8]

67n,7n’ = H7n’ - H’m ~ N(Hm’ - Hma Ufn,m/)' (5)

This can be used to construct a test with significance « for the equal-
ity of a single pair of parameters H,,, H,,, i.e., for the hypothesis

H™) L H = Hyym! £ m. (6)
The test can be defined by
(mm?) 1 ifprwm < a (Hém’m,) rejected)
da ’ = ’ (m,m”) (M
0 otherwise (Hy " not rejected)
where
Pt =2 (1= Fyoor )y (Ibmmel) ) ®)

is the probability to observe the value Sm,m/ under the hypothesis
’
Hém’m ), and F W(0,02 ) is the centered Gaussian cumulative dis-
’ m,m/

tribution function with variance o2, /.
;

3.2. Detection of single distinct self-similarity parameters

A self-similarity parameter H,, is called distinct if it is different
from all other parameters H,,,/,m’ # m. To detect this situation,
we formulate the hypothesis

HS™ . Im' £ m: Hy = Hp. )
It is rejected (and, thus, H,, is distinct) if the pairwise hypotheses
(@) are rejected for all m’ # m,

dgm) — H dgmnnl) — {1 : H(()’m) rejected

10
0: H(()m) not rejected. (10)

m’#m
To control its false positive rate, since the test is based on multiple

independent tests, the size of the latter must be corrected. Here, we
make use of the Benjamini-Hochberg correction [23]]

1 ifr~'(m/) < argmax jlp-

d&""’m/) - jefl,...M—1} () < =T
0 otherwise,
(11)
where 1,c4 = 1if j € Aand 1;c4 = 0 otherwise, for any set A
and 7 is the permutation that orders the p-values, py, (1) < ... <

D, w(a1—1)- Alternatively, one could use the more conservative Bon-
ferroni correction, i.c., a significance level o/ = /(M — 1) in (7).

3.3. Probabilistic graph spectral clustering

Similarity graph construction.  To detect non-singleton groups
of equal values in H, we make use of spectral clustering, whose
principles are briefly recalled below. The originality of our proce-
dure resides in the graph construction, built with nodes representing
the parameters H,,, and edge weights S,,, ., that are informed by

the statistical model (5) under the null hypothesis Hém’m’), and by
the test decisions (I0) for identifying single distinct self-similarity
parameters. Specifically, the weighted graph is defined as the triplet
G=V,e,S)whereV = {1,..., M} is the set of vertices related to
self-similarity parameters (H1, ..., Har), € = {(m,m') : m,m’' =
1,..., M} isthe set of edges and S is the M x M symmetric weight
matrix, form,m’ =1,..., M:

12)

So ) P = dE(A =) w2 m,
e 0 m' =m.



Spectral clustering. = We briefly recall the principles of spectral
clustering. In this work, we consider the random-walk normalized
Laplacian L,.,, defined as follows [24-26]:

1 if m =m’ and Dy, m # 0,
(Low)moms =4 —3mm’ it # m' and Dy £ 0, (13)
0 otherwise,
for every m,m’ € {1,..., M}, where the degree matrix D is the

M x M diagonal matrix with entries Dy, m = Z,y:l Sk, m =
1,..., M. Now let denote 1 < ... < @ the eigenvalues of L,
and v1 < ... < vy the corresponding eigenvectors. If the graph G
is composed of N¢ connected components, the Laplacian £, has
exactly Nc eigenvalues equal to zero, i.e., o1 = ... = png = 0.
In practice, the number N¢ of clusters in G can be estimated from
the number of eigenvalues ¢, close to zero, for example by means
of the maximum eigengap [27],

Nc =  arg max

kef{1,...,M—1}

Pr+1 — Pk- (14)

Then, the clustering of the vertices V = {1,..., M} into N¢ clus-
ters is obtained by k-means clustering of the rows of the matrix
(v1y...,0 Nc) comprised of the eigenvectors of the graph Lapla-

cian £, associated with the N¢ smallest eigenvalues @1, ..., @x,-
Finally, because of the Laplacian normalization, spectral clustering
cannot identify a node as single if it is linked to other nodes, leading
to the need for a prior identification of these nodes using (T0) [28].

3.4. Bootstrap p-values

The above self-similarity parameter clustering procedure requires
knowledge of the variances a,zn,m, in (). Since they are unknown,
we propose to estimate them using a bootstrap procedure [29}(30].
Specifically, we make use of a block-bootstrap resampling scheme
for the multivariate DWT coefficients D(27, k), k = 1,...,n;,
which preserves their time-scale multivariate dependence structure
[I15,/17]: At each scale 27, R bootstrap resamples

DI = (D*“)(zﬂ', 1),.. .,D*“">(2f7nj)) r=1,...,R, (15

are obtained by drawing with replacement [n;/Lp] elements from
the collection {(D(27,k),...,D(2',k+ Lp — 1)) }k=1,....n; of
overlapping blocks of circularized multivariate DWT coefficients
of size Lp. For each resample, bootstrap estimates §*(M) (29,
An™(27) and H™ are successively computed using Eqs.
The bootstrap estimation of the test statistics () under the null
(m.m”)
0

hypothesis H, is given by

$#(r)
6m,m’
and its empirical distribution is used as an approximation of the
~ ’
distribution of 6, .., under Hg"™ .

bootstrap resamples 5:,“”, is used as an estimate for the variances
and plugged into the expression (B) for the p-values.

= a2 — B — (Hy — Hy), r=1,...,R, (16)

The sample variance of the

0_2

m,m/’»

4. PERFORMANCE ASSESSMENT

4.1. Monte Carlo simulation

Experimental setup. The proposed procedure is applied to
Nyve = 1000 (M = 6) and Ny = 100 (M = 20) independent re-
alizations of M-fBm (N € {26, 2'8}) with self-similarity parame-
ters H = (Hx, ..., Hy) specified below. The covariance matrix 3

Table 1: Detection of isolated nodes. Average detection rate for
each individual H,, m = 1, ..., 6, using (T0) and (TI) under Sce-
nario4. The red boxes indicate the isolated node H.

[INJ[m=1[m=2[m=3[m=4[m=5]m=6]|

216 0.030] 0.032] 0.001] 0.067] 0.064
218 0.015

0.017| 0.010| 0.055| 0.055
0.2

m=1

0.15

0.1

Average decisions

0 005 01 0150 005 01 0150 005 0.1 0.5

Fig. 1: False positive rate for isolated nodes. Average rate (with
m,m’)

95% error bars) of rejecting at least one null hypothesis 7—[(() ,
m' #m, form=1,2,3 for Scenariol (M = 6) versus FDR a.

has unit diagonal entries and off-diagonal entries » = 0.5 (M = 6)
andr = 0.4 (M = 20). The M x M mixing matrix W was drawn at
random and kept fixed for all experiments. Wavelet analysis is per-
formed with the least asymmetric Daubechies 3 mother wavelet and
the linear regressions are performed across scales (j1,j2) = (6, 8)
(N = 2'% and (j1,42) = (8,10) (N = 2'®). For the bootstrap
procedure, R = 500 and Lg = 6. FDR is set to a = 0.05.
Clustering performance assessment.  Performance is quantified
in terms of Adjusted Rand Index (ARI) and Normalized Mutual In-
formation (NMI) [31]: ARI measures the number of pairs of ele-
ments correctly gathered in the same cluster or separated in different
clusters, and NMI measures the joint entropy of the estimated and
correct cluster distributions. Both are defined in [0, 1]. Our pro-
posed approach, denoted graph, is compared to that in [[18}|19], de-
noted sort. The following scenarios are studied:
— Scenariol (1 cluster): H; = ... = Hy = 0.8 (M = 6, 20).
— Scenario2 (2 clusters): H,, € (0.6,0.8);

cluster size (3,3) (M = 6) and (10, 10) (M = 20).
— Scenario3 (3 clusters): H., € (0.4,0.6,0.8);

cluster size (2,2,2) (M = 6) and (7,7,6) (M = 20).
— Scenario4 (3 clusters): H,,, € (0.4,0.6,0.8);

cluster size (1, 3,2) (M = 6) and (13,6, 1) (M = 20).

4.2. Clustering performance

Single-node detection.  The detection performance for isolated
nodes (clusters of size 1) is assessed for Scenariod (M = 6). Table[l]
reports the average (over Monte Carlo realizations) detection rate
for all 6 nodes when using (I0) only. Clearly, the isolated node H
is detected in almost all cases for both sample sizes, with a false
negative rate below 1%. Along the same lines, the false positive rate
(for the nodes Ho, ..., Hg, which belong to larger clusters) is well
controlled and of the order of 3 — 4% on average. This is further
quantified in Fig. 1, which plots the average rate of rejecting at least
one of the null hypothesis ’H((,m’m/), m’ # m, form = 1,2, 3 under
Scenariol (M = 6), showing that the average rejection rate closely
follows the prescribed FDR level. Allin all, this leads us to conclude
that the proposed strategy for detecting isolated nodes is effective.

Cluster detection performance.  Fig. 2] shows the histograms of
the estimated numbers of clusters N¢ given by (T4) for all scenar-
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Fig. 2: Estimation of the number of clusters. Histograms of N¢
obtained by spectral clustering for Scenariol-4 and different num-
bers of components M and sample sizes N. The red dashed lines
indicate the exact number of clusters.

ios. For M = 6, the proposed procedure detects the correct num-
ber of clusters N¢ with high probability for both sample sizes. For
the more difficult case with M = 20 components, detection per-
formance is again satisfactory for the larger sample size N = 28,
while the proposed procedure overestimates the number of clusters
for smaller sample sizes, in particular for Scenario3-4 (3 clusters).

Table [2] (top) further quantifies these observations and reports
NMI and ARI values for the proposed clustering strategy (graph).
For Scenariol (single cluster), performance is excellent (with ARI
values ranging from 0.84 to 0.97) for both sample sizes and num-
bers of components. For Scenario2-4, performance are excellent for
M = 6 components (with NMI and ARI values in excess of 0.9 for
both sample sizes). They are less satisfactory for M = 20 compo-
nents for the smaller sample size (N = 2'¢) but also approach NMI

and ARI values of 0.9 for the larger sample size (N = 2'8). Table

(bottom) reports the respective results obtained as in [18}/19]] (sort),
showing that while it is on par with the proposed method for M = 6,
it fails for large component number (M = 20), suggesting that the
bootstrap approximation of the test statistic underlying [[18}/19] gets
increasingly poor for large M.

Self-similarity parameter estimation performance.  We finally
study if clustering can improve the estimation of the self-similarity
parameters H. To that end, a post-clustering estimate H v 18 defined
for which each entry m is given by the average over the estimates
H,, from @) of the cluster it belongs to. Table [3| reports the root

mean squared error (RMSE) \/E||H — H||2, where E stands for

. . . A o~ sort ~ graph
averaging over Monte Carlo realizations, for H, H, and H_ =~ .

The results show that the proposed clustering globally yields more
accurate estimates for H, in particular when there are large clusters
(Scenariol and 4) and when sample size is large. Moreover, it sig-
nificantly outperforms the one proposed in [[18}|19] for large number
of components M.

Overall, these results show that the proposed bootstrap-driven
clustering strategy for estimating the number of distinct self-
similarity parameters is operational and yields satisfactory per-
formance for reasonable sample size and number of components.

Table 2: Clustering performance. NMI and ARI (Monte Carlo
average + 95% confidence interval) for Scenariol-4 and different
numbers of components M and sample sizes IV (best results in bold).

M|| N [|graph|| Scenariol | Scenario2 | Scenario3 | Scenario4
916 NMI n/a 0.95 + 0.01]0.96 £+ 0.00[0.98 + 0.00
6 ARI [|0.86 £ 0.02]0.92 £ 0.01{0.90 £ 0.01{0.94 £ 0.01
918 NMI n/a 0.98 £ 0.01]0.98 £ 0.00]0.99 + 0.00
ARI [[0.84 £ 0.02[0.97 £ 0.01|0.95 £ 0.08]0.97 £ 0.01
916 NMI n/a 0.53 £ 0.03[0.71 £ 0.02]/0.58 £ 0.03
20 ART [|0.97 £ 0.03|0.49 £ 0.04|0.54 £ 0.04|0.41 £ 0.07
918 NMI n/a 0.69 £ 0.02[0.90 £ 0.02]0.90 £ 0.02
ART [[0.96 £ 0.04|0.69 £ 0.03|0.86 £ 0.03|0.88 £ 0.04

MI| N || sort || Scenariol | Scenario2 | Scenario3 | Scenario4
916 NMI n/a 0.77 £0.02]0.95 £ 0.01]0.98 £+ 0.00
6 ART [|0.86 £ 0.02[0.92 £ 0.01/0.90 £ 0.01|0.95 £ 0.01
918 NMI n/a 0.97 £ 0.01]0.98 £ 0.00]0.99 £ 0.00
ART [[0.99 + 0.00[0.96 £ 0.01{0.95 £ 0.01]0.98 £ 0.01
916 NMI n/a 0.00 £+ 0.01]0.06 £0.03]0.12 +0.04
20 ARI []0.96 £ 0.04[0.00 £ 0.00[0.03 £ 0.02]0.11 £ 0.05
918 NMI n/a 0.17 £0.06]0.75 £ 0.06]0.75 £ 0.05
ARI [|0.97 £ 0.03]0.17 £ 0.06[0.65 £ 0.06[0.62 £ 0.08

Table 3: Estimation for H. Global RMSE x 102 of the estimates E
and the estimates averaged over detected clusters H,_, for different
scenarios and sample sizes N (best results in bold).

[M] N ] [[Scenariol [Scenario2[Scenario3[Scenario4]
oo H [ 252 3.99 [ 3.78 3.26
a 1.05 5.38 4.22 3.03
6 A5 150 | 3.62 | 379 | 2.84
ots| H I 259 2.93 3.06 2.70
H 1.10 2.62 287 | 2.11
7| 158 | 222 | 2070 | 211
916 ﬂot 2.13 6.53 | 6.47 | 5.81
o 0.63 | 10.01 | 1565 | 10.89
20 a5 ora | 682 | 688 | 6.5
sl H [ 220 [ 529 [ 410 3.46
o 0.61 9.12 8.36 6.49
A5 o079 | 532 | 3.83 | 3.28

5. CONCLUSIONS AND PERSPECTIVES

This work develops a clustering strategy to count the number of dis-
tinct scaling exponents and group identical ones based on a single
multivariate time series. The procedure constructs a weighted graph
statistically informed from pairwise self-similarity parameter esti-
mates and an original wavelet-domain block-bootstrap resampling
scheme operating on two levels: for identifying isolated nodes, and
for quantifying the proximity of pairwise self-similarity parameter
estimates. Clustering is then performed using standard spectral clus-
tering with a random-walk normalized Laplacian. Numerical exper-
iments for operator fractional Brownian motion demonstrate that the
proposed clustering strategy yields satisfactory performance for var-
ious scenarios involving different numbers of components and clus-
ters and can moreover improve self-similarity parameter estimation.
Future research will explore alternative formulations for statistically
informed graph weights and applications to high-dimensional multi-
variate data, such as the study of brain dynamics. Code is available
at https://github.com/charlesglucas/otbm_tools,


https://github.com/charlesglucas/ofbm_tools
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